We investigate time dependent solutions (S-brane solutions) for product manifolds consisting of factor spaces where only one of them is non-Ricci-flat. Our model contains minimally coupled free scalar field as a matter source. We discuss a possibility of generating late time acceleration of the Universe. The analysis is performed in Brans-Dicke and Einstein frames. In Brans-Dicke frame, stages of accelerating expansion exist for all types of external space (flat, spherical and hyperbolic). However, in Einstein frame, a model with flat external space and hyperbolic compactification of internal space is the only one with the stage of the accelerating expansion. Scalar field with sufficiently high kinetic energy can prevent this acceleration. It is shown that the case of hyperbolic external space in Brans-Dicke frame is the only model which can satisfy experimental bounds for the fundamental constant variations. We obtain a class of models where a pare of dynamical internal spaces have fixed total volume. It results in fixed fundamental constants. However, these models are unstable and external space is non-accelerating.
Introduction
Recent astronomical observations abundantly evidence that our Universe underwent stages of accelerating expansion during its evolution. There are at least two of such stages: early inflation and late time acceleration. The latter began approximately at z ∼ 1 and continues until now. Thus, the construction and investigation of models with stages of acceleration is one of the main challenge of the modern cosmology.
Among such models, the models originated from fundamental theories (e.g. string/M-theory) are of the most of interest. For example, it was shown that some of spacelike brane (S-brane) solutions have a stage of the accelerating expansion. We remind that in D-dimensional manifold Sp-branes are time dependent solutions with (p + 1)-dimensional Euclidean world-volume and apart from time they have (D − p − 2)-dimensional hyperbolic, flat or spherical spaces as transverse/additional dimensions [1] : multidimensional cosmological models with time dependent internal spaces should be tested from this point of view. In our paper, we show that considered model have a significant problem to satisfy these limitations. The case of the hyperbolic external space in the Brans-Dicke frame is the only possibility to avoid this problem, if there is no other way to explain the constancy of the effective four-dimensional fundamental constants in multidimensional models. For example, we propose models with the hyperbolic or spherical external space and two Ricci-flat internal spaces where the total volume of the internal spaces is the constant. Here, the dynamical factors of the internal spaces mutually cancel each other in the total volume element. Thus, the effective fundamental constants remain really constant in spite of the dynamical behavior of the internal spaces. However, this model is unstable and the external space is non-accelerating. Anyway, such models are of special interest because indicate a possible way to avoid the fundamental constant variations in higher-dimensional theories. The paper is structured as follows. In section 2, we explain the general setup of our model and present the exact solutions for a product manifold consisting of two factor spaces where only one of them is non-Ricci-flat. These solutions is carefully investigated in section 3 (spherical factor space) and 4 (hyperbolic factor space) for the purpose of the accelerating behavior of the external space. In section 5, we compare the rate of variations of the fine structure constant in our accelerating models with the experimental bounds. In section 6, we obtain and discuss a solution with three factor spaces where two dynamical internal spaces have the fixed total volume. The main results are summarized in the concluding section 7.
The model and solutions
In this section we present our model and give a sketchy outline of the derivation of exact solutions. A more detailed description can be found in our papers [24, 25, 26] .
We consider a cosmological model with a slightly generalized metric (1.1) in the form This action encompasses the truncated bosonic sectors of various supergravity theories. For example, for D = 11 and in the absence of scalar field, it represents the vacuum limit of the M-theory, and for D = 10, it corresponds to the zero flux limit of the D-string. However, for generality, we perform the analysis with arbitrary D in the presence of scalar field, specifying the value of D only for illustration of particular examples. For our cosmological model, scalar field is homogeneous and depends only on time.
We restrict our consideration to the case when only one of the spaces M i is not Ricci-flat: R 0 = 0, R i = 0, i = 1, . . . , n − 1. Taking into account the homogeneity of our model, the action S is reduced to the form:
where
is the potential,
) is the volume of M i (modulo the scale factor of the internal space).
It can be easily seen that the Euler-Lagrange equations for Lagrangian (2.6) as well as the constraint equation ∂L/∂γ = 0 have the most simple form in the harmonic time gauge γ = γ 0 = n−1 i=0 d i β i [28] . The corresponding solutions can be found in [24, 25, 26] . For simplicity we consider a model with two factor spaces (n = 2). All our conclusions can be easily generalized to a model with n > 2 factor spaces. For two component cosmological model the explicit expressions for the scale factors and scalar field as functions of harmonic time read:
,
9)
Here, a (c)0 In what follows, we consider the case of positive ε and without loss of generality we chose 2ε = 1
We also put q = 0. It is also convenient to consider the dimensionless analogs of the scale factors: a 0 (τ ) → a 0 (τ )/a (c)0 and a 1 (τ ) → a 1 (τ )/A 1 . This choice does not affect the results but simplifies the analysis. So, below we investigate these dimensionless scale factors denoting them by the same letters as the dimensional scale factors.
The solution (2.8) is written in the harmonic time gauge. The synchronous time gauge (in other words, the proper time gauge) corresponds to γ = 0. This choice takes place in Brans-Dicke frame. In Einstein frame the synchronous gauge is different. The relation between these gauges in different frames is presented in Appendix and it depends on the choice of the external and internal spaces. In our analysis both M 0 and M 1 can play the role of the external and internal spaces.
The dynamical behavior of the factor spaces is characterized by the Hubble parameter
, i = 0, 1 (2.11) and the deceleration parameter 12) where the overdots denote the differentiation with respect to the synchronous time t which is connected with the harmonic time τ as follows: 13) where the function f (τ ) is defined in accordance with Eqs. (A.6) and (A.7) and we fix the constant of integration in such a way that t → 0 for τ → −∞. In Eqs. (2.11) -(2.13), the quantities a i and t are related to both the Brans-Dicke and the Einstein frames and the exact form of f (τ ) depends on the choice of the frame (in the Einstein frame it depends also on the choice of the external space). Since in our model f (τ ) > 0, the synchronous time t(τ ) is a monotone increasing function of the harmonic time. The expressions for the parameters H i and q i can be rewritten with respect to the harmonic time:
and
With the help of these equations we can get a qualitative picture of the dynamical behavior of the factor spaces in synchronous time via the solutions (2.8) in the harmonic time gauge. More detailed information can be found from the exact expressions for a i (t). To get it, we should calculate the integral (2.13) which provides the connection between harmonic and synchronous times. However, the function f (τ ) is a transcendental function and the integral (2.13) is not expressed in elementary functions. Hence, we shall analyze equations (2.14), (2.15) and asymptotic expressions for a i (t) to get an information about the dynamics of the factor spaces in synchronous time. To confirm our conclusions graphically, we shall use the Mathematica 5 .0 to draw the dynamical behavior of a i (t) for full range of time t (for a particular choice of parameters of the model).
Spherical factor space
In this section we investigate models where the factor space M 0 has the positive curvature R 0 > 0. We split our consideration into two separate subsections where calculation will be done in Brans-Dicke and Einstein frames correspondingly.
Brans-Dicke frame
In the case of spherical space M 0 the scale factors (2.8) have the following asymptotic forms:
where we use the condition ξ 2 > 0. It can be easily seen that the asymptotic behavior depends on signs of ξ 1 ± ξ 2 and ξ 1 . The comparison of Eqs. (2.13) and (A.6) gives the expression for the function f (τ ):
with the asymptotes
Thus, from Eq. (2.13) we obtain the asymptotic expression for the synchronous time
which enable us to rewrite the asymptotes (3.1) and (3.2) in the synchronous time gauge:
Additionally, it can be easily seen that conditions
provide the convergence of the integral (2.13) for any value of τ from the range (−∞, +∞). Thus, infinite range of τ is mapped onto the finite range of t. We remind also that the synchronous time t(τ ) is a monotone increasing function of the harmonic time. Now, with the help of the expression (3.3) for f +BD (τ ), the Hubble and the deceleration parameters are easily obtained from Eqs. (2.14) and (2.15):
for the factor space M 0 and
for the Ricci-flat factor space M 1 .
The following analysis depends on the choice of the external space. Therefore, we consider two separate cases.
Spherical external space (SM6 and SD5 branes)
As we already wrote in Introduction, solutions in this case describe the vacuum SM6-brane if D = 11, d 0 = 3 and scalar field is absent (p 2 = 0 → |p 1 | = 1) and the zero flux limit of the SD5-brane in the presence of scalar/dilaton field if D = 10, d 0 = 3 and |p 1 | ≤ 1. Since we are looking for a solution with the dynamical compactification of the internal space M 1 , the parameter ξ 1 should be negative: ξ 1 < 0 → p 1 < 0 (see Eq. (3.11)). Then, Eqs. (3.9) and (3.10) show that the accelerating expansion of the external space M 0 takes place for harmonic times
that leads to inequality
Additionally, it can be easily proven that the inequalities (3.8) are also valid for this case (the right inequality is obvious for negative ξ 1 and the left inequality follows from the condition |p 1 | ≤ 1). Therefore, the range of the synchronous time t is finite. Thus, with the help of the inequalities (3.8) and (3.14) we arrive to the following conclusions. First, from the asymptote (3.1) follows that the factor space M 0 expands from zero (τ → −∞) to infinity (τ → +∞) and it occurs for the finite range of the synchronous time. It is the typical Big Rip scenario. At the same time, the internal space M 1 contracts from infinity to zero (see (3.2) ). Second, starting from the time tanh(ξ 2 τ ) = ξ 2 /|ξ 1 |, the acceleration never stops lasting until the Big Rip
For example, the accelerating expansion of the M 0 at late synchronous times can be directly observed from (3.6) because (ξ 1 + ξ 2 ) < 0. The typical behavior of the scale factors of the external (a 0 (t)) and internal (a 1 (t)) factor spaces in the synchronous time gauge is illustrated in Fig. 1 . t acc in denotes the time of the beginning of the external space acceleration. 
We remind that parameter ξ 2 is also positive. It is not difficult to verify that the 
Starting from this time, the acceleration of M 1 never stops lasting until the Big Rip. For example, the accelerating expansion of the M 1 at late synchronous times can be directly seen from (3.7) because of the negative sign of the exponent.
As it follows from the asymptote (3.1), concerning the internal factor space M 0 we have two different scenarios depending on the relation between ξ 1 and ξ 2 :
1.
Here, the internal space contracts from plus infinity to zero for a finite synchronous time. This scenario is realized e.g. for the case of the absence of scalar field: p 1 = 1 (see Fig.2 , firm lines).
. In this case, the internal scale factor a 0 begins to expand either from zero value for ξ 1 < ξ 2 or from the finite value 2 1/(d0−1) for ξ 1 = ξ 2 until its turning point at a maximum (at the time tanh(ξ 2 τ ) = −ξ 1 /ξ 2 (see Eq. (3.9))) and then contracts to zero value (see Fig. 2 , dash lines). Obviously, this scenario take place in the presence of scalar field because p 1 < 1. 
Einstein frame
Now, we investigate the dynamical behavior of the corresponding Sp-branes in the Einstein frame. Similar to the Brans-Dicke frame case, we perform our consideration for two separate cases depending on the choice of the external factor space.
Spherical external space (SM6 and SD5 branes)
In this case the conformal factor reads (see Eq. (A.2))
Making use of Eqs. (A.5) and (A.7), we obtain the function f (τ )
and the scale factor of the external spacẽ
Substituting these expressions in Eqs. (2.14) and (2.15), we obtain the Hubble and the deceleration parameters
Eqs. (3.19) and (3.20) clearly show thatH 0 (τ ) < 0 for positive τ andq 0 (τ ) > 0 ∀ τ ∈ (−∞, +∞). Therefore, the external factor space M 0 contracts at late times and never has the stage of the acceleration. Obviously, this model contradicts the observations. Here, SM6-brane corresponds to the choice of d 1 = 7 and for the SD5-brane we should take d 1 = 6.
Ricci-flat external space (SM2 and SD2 branes)
Let the factor space M 1 be the external space. In this case the conformal factor is
and for the function f (τ ) and the external scale factor we obtain the following expressions:
Thus, the Hubble and the deceleration parameters of the external factor space M 1 read:
Therefore, the deceleration parameterq 1 (τ ) > 0 ∀ τ ∈ (−∞, +∞) and the external space M 1 does not undergo the acceleration. Similar to the previous case, the external space M 1 contracts at late times (it follows from Eq. (3.24) and the condition |p 1 | ≤ 1). Hence, this model is also not of interest for us. For this case, the SM2-brane corresponds to the choice of d 0 = 7 and for the SD2-brane we should take d 0 = 6.
Hyperbolic factor space
In this section we investigate models where the factor space M 0 has the negative curvature R 0 < 0. If this factor space is treated as the internal one we suppose that M 0 is compact (see e.g. [33] ). Similar to the previous section, we split our consideration into two separate subsections where calculation will be done in Brans-Dicke and Einstein frames correspondingly.
Brans-Dicke frame
As apparent from Eqs. (2.8) and (2.10), the function a 0 (τ ) is divergent at τ = 0. This point divides the range of τ into two separate parts: (−∞, 0] and [0, +∞). We choose the interval (−∞, 0] because the dynamical picture in both of these intervals is equivalent up to the replacement p 1 → −p 1 [26] . To begin with, let us first define the function f (τ )
and its asymptotes
The first asymptote f −BD (τ ) → 0 in the limit τ → −∞ because (ξ 1 − d 0 ξ 2 ) < 0 7 and the second asymptote f −BD (τ ) → +∞ in the limit τ → −0. Thus, it can be easily seen that the harmonic time interval τ ∈ (−∞, 0] is mapped onto synchronous time interval t ∈ [0, +∞) correspondingly. These asymptotes give a possibility to connect the synchronous and harmonic times in the corresponding limits. For example, at late times we get the following relation:
It is also useful to present the asymptotes for the scale factors. For the factor space M 0 we get:
The first asymptote demonstrates that there are two different scenarios depending on the sign of the difference ξ 1 − ξ 2 . If ξ 1 > ξ 2 , the factor space M 0 begins to contract from plus infinity to a finite value and then to expand again to plus infinity (see (4.5)). If ξ 1 < ξ 2 , the factor space M 0 expands for all the time starting from zero to infinity 8 . The substitution of (4.3) into (4.5) shows that the Milne-type behavior of M 0 at late times is the attractor solution 9 (see e.g. [26] ):
Concerning the factor space M 1 we have the following asymptotes:
Here, we also have two scenarios depending on the sign of ξ 1 . If ξ 1 > 0, the factor space M 1 contracts from infinity with the subsequent freezing at late times. If ξ 1 < 0, the factor space M 1 expands from zero freezing again at late times. Thus, the freezing of the factor space M 1 is the attractor behavior at late times (see [26] ).
Let us define now the Hubble and the deceleration parameters. For the factor spaces M 0 and M 1 we obtain respectively:
With the help of these expressions we can analyze the factor spaces from the point of their acceleration. Again, the analysis depends on the choice of the external space.
Hyperbolic external space (SM6 and SD5 branes)
Usually, we are looking for a model with expending external space and contracting (or static) internal one. As it follows from Eqs. (4.9) and (4.11), the choice ξ 1 ≤ 0 guarantees these conditions. However, the external factor space is a decelerating one at all times because q 0 > 0 ∀ τ ∈ (−∞, 0] (see Eq. (4.10)). Therefore, in the rest of this subsection we investigate the case of positive ξ 1 > 0 → p 1 > 0 with expending internal space. In spite of the expending character of the internal space, Eq. (4.8) shows that this space goes asymptotically to a constant value ("freezed out") at late times. We suppose that this value is less than the Fermi length L F ∼ 10 −17 cm. It makes the internal space unobservable at late times.
Obviously, for positive ξ 1 we have two scenarios:
Here, the external space M 0 after the contraction from infinity to a finite value starts to expend at the time
asymptotically approaching to the attractor a 0 ∼ t (t → +∞). At all stages of its evolution the factor space M 0 has the accelerating behavior: q 0 < 0 ∀ τ ∈ (−∞, 0]. This scenario is realized e.g. for the case of the absence of scalar field: p 1 = 1 (see Fig.3 , firm lines, where the convex curve a 0 has positive second derivative/acceleration for all t ∈ [0, +∞)).
Here, the external space M 0 expends for all time τ ∈ (−∞, 0] stating from zero ( for ξ 1 < ξ 2 ) or from a finite value (for ξ 1 = ξ 2 ) asymptotically approaching to the attractor a 0 ∼ t (t → +∞). The acceleration begins at the time
This equation is satisfied for
in the presence of sufficiently dynamical scalar field. The typical behavior of the scale factors in the synchronous time gauge for this type of scenarios is illustrated in Fig. 3 (dash lines) .
It is worth of noting that to draw the graphics in synchronous time, we use in the integral (2.13) the exact expressions for the function f (τ ) rather than its asymptotes. It can result in a proper shift between an analytic estimate (for the late times) and a graphical plotting. For example, corresponding shift for the linear asymptote (4.6) has the form of a 0 (t)| t→+∞ ≃ 1 d0−1 ξ 2 (t + t 0 ) where t 0 = lim
Because function f (τ ) depends on parameter ξ 1 , the firm and dash lines in the left picture of Fig.3 acquire the late time relative shift with respect to each other. 
Ricci-flat external space (SM2 and SD2 branes)
It can be easily seen from Eq. (4.11) that the external space M 1 expends only in the case
, then the deceleration parameter of the external space q 1 > 0 for all times τ ∈ (−∞, 0] (see Eq. (4.12)) and the acceleration is absent. Additionally, the internal space M 0 expands to infinity at late times which obviously contradicts the observations. Thus, this case is not of interest for us.
Einstein frame
Now, we investigate the dynamical behavior of the corresponding Sp-branes in the Einstein frame splitting our consideration into two separate cases depending on the choice of the external factor space.
Hyperbolic external space (SM6 and SD5 branes)
In this case we obtain the following expressions:
for the conformal factor,
for the scale factor of the external space. Here, we consider the interval (−∞, 0] of the harmonic time τ which is mapped onto the interval [0, +∞) of the synchronous timet. Thus, the Hubble and the deceleration parameters of the external factor space M 0 read:
coth (ξ 2 |τ |) , (4.18)
.
(4.19)
These equations clearly show that the expanding external space is decelerating one becauseH 0 > 0 ,q 0 > 0 ∀ τ ∈ (−∞, 0].
Ricci-flat external space (SM2 and SD2 branes)
Let now the factor space M 1 be the external space. For this choice of the external space the conformal factor reads
With the help of this expression we can define the function f (τ )
and the scale factorã 1 (τ )
As for the internal space scale factor a 0 (τ ), it has the form (2.8) with the asymptotes (4.4) and (4.5). Similar to the previous case, we choose the interval (−∞, 0] of the harmonic time τ . It can be easily verified that this interval is mapped onto the interval [0, +∞) of the synchronous timet. It is of interest to get the late time asymptotes for the scale factors. To get them, we obtain first the relation between the synchronous and harmonic times at late stages:
which enable us to write the late time asymptotes in both gauges:
(4.25)
Thus, both the external and the internal scale factors expand at late times. However, the rate of the expansion of the internal space M 0 is less than for the external space M 1 . For example, in the case d 1 = 3, d 0 = 6 we get: a 1 ∼t 3/4 and a 0 ∼t 1/4 . So, in spite of this expansion, we suppose that the internal scale factor is still less than the Fermi length which makes it unobservable at present time.
To investigate the accelerating behavior of the external space M 1 , let us define its Hubble and deceleration parameters:H 27) where (see also Refs. [6, 16] )
It can be easily seen that this function is negative: m(τ ) < 0 ∀ τ ∈ (−∞, 0] because |p 1 | ≤ 1. Thus, starting from zero value 10 the external space M 1 expands for all times (see Eq. (4.26)). From other side, the condition of its acceleration reads
Because coth(ξ 2 τ ) < 0 for τ ∈ (−∞, 0], this inequality is possible only for positive values of the parameter p 1 : p 1 > 0. Moreover, the corresponding quadratic equation should have two roots defining the harmonic time of the beginning (τ (a)start ) and ending (τ (a)f in ) of the acceleration. For these roots we obtain the following relation:
This difference is positive because coth is a monotone decreasing function. So the stage of the acceleration takes place only if the parameter p 1 satisfies the inequality
For p 1 = 1 we restore the results of the paper [6] . However, a new result is that sufficiently dynamical scalar field with
2 ≤ 1 prevents the acceleration. In Fig. 4 , we present different behavior of the externalã 1 and internal a 0 scale factors as well as the deceleration parameter −q 1 of the external space M 1 depending on the choice of the parameter p 
→ 0 for τ → −∞ irrespective of the sign of ξ 1 .
Variation of the fundamental constants
Above, we considered the model with the dynamical internal spaces. It is well known that the internal space dynamics results in the variation of the fundamental constants. For example, the effective four-dimensional fine-structure constant is inversely proportional to the volume of the internal space (see, e.g. Refs. [10, 14, 34] ):
(I) . Here, the indices "I" and "E" denote the internal and external spaces correspondingly. The origin of such dependence can be easily seen if we add a higher-dimensional electromagnetic action (which should not affect the investigated above dynamics of the model) and perform the dimensional reduction to an effective four-dimensional theory. It results in the term of the form g (E) (V (I) /e 2 )F 2 [10, 34] which leads to the indicated above dependence for the effective fine-structure constant. Thus, if V (I) is a dynamical function which varies with time then the effective four-dimensional constants will vary as well. For the fine-structure constant, such variations take place in both frames because the quantity g (E) (V (I) /e 2 )F 2 is invariant in fourdimensional space-time with respect to the conformal transformation of the metric g (E) . Therefore, in both frames we arrive to the following expression for the variation of α:
where the dot denotes the synchronous time derivatives and H (I) =ȧ (I) /a (I) . There are strong constraints onα/α from a number of experimental and observational considerations [31] . For our calculations we use the estimate |α/α| 10 −15 yr −1 [35] which follows from observations of the spectra of quasars. Combining this with the accepted value for the current Hubble rate
leads to
Let us test now the models from sections 3 and 4 for the purpose of their satisfaction of the condition (5.2). We perform this investigation only for the cases with the acceleration of the external space. With the help of Eqs. (4.9) and (4.11), the ratio between the Hubble parameters is given by
As we have seen in subsection 4.1.1, there are two distinguishing scenarios in this case. The first scenario corresponds to ξ 1 > ξ 2 (it happens, e.g. in the case of the absence of scalar field: p 1 = 1). As for this particular case ξ 2 /ξ 1 ∼ O(1), we can achieve the necessary smallness of the ratio (5.2) for late times:
The second scenario takes place if 0 < ξ 1 ≤ ξ 2 . It can be easily seen that the condition (5.2) is satisfied for small parameter ξ 1 :
We can weaken the condition ξ 1 /ξ 2 10 −5 if demand the execution of the condition (5.2) from the time τ a of the beginning of the acceleration (see Eq. (4.14)):
Therefore, in the case of the hyperbolic external case we can satisfy the condition (5.2) either for sufficiently late times |ξ 2 τ | < 10 −5 or for very dynamical scalar field which results in the smallness of the parameter p 1 :
Einstein frame
In the Einstein frame, there is only one case with the accelerating stage for the external space. It describes the model with Ricci-flat external and hyperbolic internal spaces.
Hyperbolic internal space (subsection 4.2.2)
In this case the Hubble parameter of the external space M 1 is defined by Eq. (4.26). Concerning the Hubble parameter of the internal factor space M 0 , it is necessary to perform the evident substitution f −BD (τ ) → f −E(1) (τ ) in formula (4.9) because in the Einstein frame the function f (τ ) in Eq. (2.14) is defined by f −E(1) (τ ). Thus, the ratio of the Hubble parameters reads
This estimate is valid for all times τ ∈ (−∞, 0]. For ξ 2 /ξ 1 < 1, the only exclusion is a very short period of time in the vicinity of the turning point tanh(ξ 2 τ ) = −ξ 2 /ξ 1 of the internal space M 0 , i.e. for the times tanh(ξ 2 τ ) ∈ [−ξ 2 /ξ 1 − δ, −ξ 2 /ξ 1 + δ] with δ ∼ 10 −5 . Therefore, in general, this model conflicts with the experimental bounds.
Static internal space
It is clear that the effective fundamental constants do not variate if the internal space is static ("frozen"). Additionally, it results in the equivalence between Brans-Dicke and Einstein frames. In our model it takes place only if the parameter ξ 1 = 0 ⇒ p 1 = 0 (see, e.g. Eqs. (2.8)-(2.10)), i.e. when the factor space M 1 plays the role of the internal space. Let us investigate this possibility in more details.
First, we consider the spherical external space. It follows from Eq. (3.10) that the external space M 0 is decelerating because q 0 > 0 for ξ 1 = 0. Moreover, the static solution is unstable. To see it, let us suppose that the internal space scale factor a 1 be freezed up to an arbitrary time τ 0 . Then, small fluctuations
1/2 δp 1 results in the following dynamics:
(see Eq. (2.8)). Thus, the scale factor a 1 goes from the constant value either to +∞ (for positive δp 1 ) or to zero (for negative δp 1 ). At the same time, the external scale factor a 0 remains decelerating because the small fluctuation δξ 1 does not satisfy the acceleration condition (3.14). Therefore, this case is not of interest for us.
Second, we turn to the hyperbolic external space. Here, the external space M 0 is again decelerating (see Eq. (4.10) for ξ 1 = 0). Because of small fluctuations δξ 1 at an arbitrary moment τ 0 < 0, the scale factor a 1 acquires the dynamics: 
Fixation of the fundamental constants
Let us consider now the case of three factor spaces with the topology of the manifold of the form:
Here, the solution (in the Brans-Dicke frame) is (see Refs. [25, 26] )
As usual in this paper, the index +(−) indicates that considered formula is related to the spherical (hyperbolic) factor space M 0 . In the case ε = 0, Eq. (6.6) is reduced to the form
where we used the formula
In Eqs. (6.1)-(6.6),
8)
Parameters, A 0 , A 1 , A 2 , p 1 , p 2 , p 3 and q are the constants of integration with the following constraint:
For this solution, the Hubble and deceleration parameters read:
12) 13) where the transition function f (τ ) (see Eq. (2.13)) is
(6.14)
In this section the factor space M 0 is treated as the external one. This choice is justified below. As it follows from Eqs. (6.10)-(6.15), the dynamics of the model is similar to that described in sections 3.1.1 and 4.1.1. For example, the spherical external space M 0 undergoes the accelerating expansion (during the period (3.13)) and both internal spaces M 1 and M 2 contract if ξ 1 < 0 and
In the case of the hyperbolic external space, the accelerating expansion of M 0 is possible only if ξ 1 is positive: ξ 1 > 0. Here, the acceleration of M 0 is either eternal (if ξ 1 > ξ 2 ) or starts at the time (4.14) (if 0 < ξ 1 ≤ ξ 2 ). Concerning the internal spaces M 1 and M 2 we can say that at least one of them expands approaching the finite value A 1 or A 2 .
As to the variations of the effective fine structure constant, we obtain Obviously, the effective four-dimensional fundamental constants are fixed if the total volume of the internal spaces is constant. Now, we try to answer the following question. Is it possible to construct the model with dynamical scale factors but fixed total volume of the internal spaces? The simple analysis of Eqs. (6.1)- (6.3) shows that such possibility exists only if we chose the Ricci-flat factor spaces R d1 and R d2 as the internal ones and put p 1 = 0. In this case
Hence, in spite of the dynamical behavior of the internal scale factors, first, the Brans-Dicke and Einstein frames are equivalent each other and, second, the fundamental constants are fixed. It was the main reason to chose the factor space M 0 as the external one. At first sight, this model looks very promising. However, it has a number of drawbacks. First, the external space M 0 is the decelerating one: q ±0 (τ ) > 0 (see Eq. (6.11)).
Additionally, it is necessary to investigate this model for the purpose of its stability with respect to the fluctuations of the parameter p 1 . It can be easily seen that due to small fluctuations
1/2 δp 1 at an arbitrary moment τ 0 the internal volume acquires the following dynamics:
where τ ∈ [τ 0 , +∞) for the spherical M 0 and τ ∈ [τ 0 , 0] for the hyperbolic M 0 . Thus, the stability analysis can be performed in full analogy with section 5.3 of the static internal space. We obtain that the case of spherical external space is unstable with the decelerating behavior and the case of the hyperbolic external space is "quasi stable" for δξ 1 < 0 and unstable for δξ 1 > 0. In the later case the factor space M 0 can acquire the stage of the acceleration without too high variation of α.
To conclude this section, we consider a particular model with fixed internal volume (6.17) and additional condition ε = 0. It takes place if scalar field is an imaginary, i.e. ϕ is a phantom field (see, e.g., [36, 37, 38] and numerous references therein). For the hyperbolic 11 external space M 0 the solution (in the harmonic time gauge) is given by Eqs. (6.1)-(6.4) with the following substitution: ξ 1 = 0, p 3 = ip 2 andg − from Eq. (6.7). This particular model is of interest because of its integrability in the synchronous time gauge where the solution reads a 0 (t) = t , (6.19)
and t ∈ [0, +∞). Hence, the scale factor of the external space behaves as in the case of the Milne solution with zero acceleration. This is a transitional case between the accelerating and decelerating behavior. Any perturbations δp 1 result in non-zero 2ε = (δp 1 ) 2 > 0. The behavior of such perturbed model is described by Eqs. (6.1)-(6.3) with
Thus, for positive fluctuations δξ 1 the external space M 0 undergoes the eternal acceleration in accordance with the results of section 4.1.1. However, the variations of α do not contradict the experimental bounds only for very late times, as we have seen in section 5.1.2. Additionally, the internal space volume V (I) can considerably increase if δξ 1 |τ 0 | >> 1 (see Eq. (6.18)). Therefore, this solution is unstable.
Conclusion
In the present paper we investigated the possibility of generating the late time acceleration of the Universe from gravity on product spaces with only one non-Ricci-flat factor space. The model contains minimally coupled free scalar field as a matter source. Dynamical solutions for this model are called S-brane (spacelike brane) solutions. The analysis was performed in the Brans-Dicke and Einstein frames. We found that in the context of considered models, non-Einsteinian gravity provides more possibilities for accelerating cosmologies than the Einsteinian one. In the Brans-Dicke frame, stages of the accelerating expansion exist for all types of the external space (flat, spherical and hyperbolic). However, in the Einstein frame, the model with flat external space and hyperbolic compactification of the internal space is the only one with the stage of the accelerating expansion. The reason for it is rather clear. After dimensional reduction of the considered models and conformal transformation to the Einstein frame, we obtain an effective potential of the form: U = −(1/2)e 2γ0 R 0 e −2β
0 (see Eq. (2.7)), which plays the role of an effective cosmological "constant". Thus, the acceleration is possible only if the internal space curvature R 0 < 0. The presence of minimally coupled free scalar field does not help the acceleration because this field does not contribute into the potential. Nevertheless, it make sense to include such field into the model because it results in more reach and interesting dynamical behavior 12 . Moreover, we have seen in 11 Classical Lorentzian solutions with ε = 0 exist only for the hyperbolic M 0 . 12 We have seen that dynamical picture of the model considerably depends on the relation between parameters ξ 1 and ξ 2 introduced in Eqs. section 4.2.2 that scalar field with sufficiently high kinetic energy can prevent the acceleration in the Einstein frame. This is a new result in comparison with Refs. [6, 19] . It is well known that the dynamical behavior of the internal spaces results in the variation of the effective four-dimensional fundamental constants. Therefore, we investigated the rate of variation of the fine structure constant for the cases of the accelerating external spaces. It was shown that the case of the hyperbolic external space in the Brans-Dicke frame is the only model which can satisfy the experimental bounds for the fundamental constant variations.
It is clear that the fundamental constant variations are absent if the total volume of the internal spaces is constant. Obviously, the Brans-Dicke and Einstein frames are equivalent each other in this case. Such particular solutions exist in the cases of one or two internal Ricci-flat spaces. The later model is of special interest because the internal spaces undergo the dynamical evolution and, at the same time, the internal space total volume is fixed. However, these models have a number of drawbacks. First, the external space is non-accelerating and, second, these models are unstable.
Thus in many cases, considered S-brane solutions admit stages of the accelerating expansion of the external space. However, they have a significant problem with the experimental bounds for the variations of the fundamental constants. Additionally, it is worth of noting that Eq. (A.3) explicitly indicates the possibility of the external space acceleration (in the Einstein frame) in the case of the hyperbolic compactification. The fact is that an effective potential U ef f := −(1/2)R[g (I) ] exp(2Aψ) is positive for R[g (I) ] < 0. Similar to the positive cosmological constant, such positive effective potentials can result in the accelerating stages of the Universe.
